JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS
Vol. 15, No. 4, July-August 1992

Bifurcations and Routes to Chaos in Wave-Structure
Interaction Systems

Oded Gottlieb*
Oregon State University, Corvallis, Oregon 97331

Wave-structure interaction systems are examined in this paper. These systems are characterized by a
nonlinear restoring force and a coupled wave-structure drag and inertial exciting force. Stability analyses of
system response define domains of primary and secondary resonances and reveal the existence of nonlinear
solutions. Local and global bifurcations identify possible routes to chaotic motion and their controlling param-
eters. The analysis shows that period doubling and tangent bifurcations are enhanced by parametric excitation
induced by the wave-structure coupling. Thus, complex dynamics recently uncovered numerically are obtained
semianalytically allowing the identification of instabilities and their generating mechanisms.

Introduction

OMPLEX nonlinear and chaotic responses have been

recently observed in various numerical models of com-
pliant ocean systems.'!~* These systems are characterized by
an exciting force which couples wave and structure velocities
and a nonlinear mooring restoring force. The restoring force
includes material discontinuities and geometric nonlinedrities
associated with mooring line angles and has a unique equi-
librium position. The exciting force includes a quadratic wave-
structure drag component and a mixed displacement-velocity
inertial component.

Although weakly nonlinear systems have been studied ex-
tensively from both classical® and modern approaches,® the
scope of analyses of complex single equilibrium point (single
potential well) systems has been limited. Examples of these
systems are the hardening Duffing equation’ and the motions
of a wind-loaded structure.®

In past analysis of ocean systems, the restoring force of a
mooring system was investigated with an equivalently linear-
ized drag force.'> Another example is the analysis of a quintic
polynomial derived for the restoring moment of a rolling ship
where the quadratic damping moment was linearized or ap-
proximated by a mixed linear-cubic model.! These models
assume local (temporal) wave kinematics which do not include
the influence of convective acceleration. However, the influ-
ence of the nonlinear inertia force!' cannot be neglected for
large system response where the wave kinematics are evalu-
ated at the displaced position of the structure.

The need for research of wave-structure interaction systems
arises with the development of deep water compliant offshore
structures which require a comprehensive understanding of
strongly nonlinear systems designed for relatively large dis-
placements. Nonlinear system behavior includes coexisting
periodic (e.g., harmonic, subultraharmonic) and aperiodic
(quasiperiodic, chaotic) solutions defined by different initial
conditions. Consequently, system stability is governed by sen-
sitivity to initial conditions and the mechanisms controlling
the evolution of these states. Nonlinear systems that are sen-
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sitive to initial conditions exhibit transient or steady-state
(strange attractor) chaotic motion that is unpredictable in a
deterministic sense. Although existing ocean systems have not
yet revealed chaotic behavior, there is a growing number of
examples of physical systems exhibiting chiaotic behavior.!?
Loss of predictability in nonlinear system behavior is of great
importance and cannot be neglected in the analysis or design
process. Therefore, the lack of systematic nonlinear analysis
on one hand and the numerical evidence of complex nonlinear
and chaotic response in idealized models on the other hand
enhance the need for consistent analytical research of wave-
structure interaction systems.

This paper describes a stability analysis performed on a
nonlinear ocean system with a taut, symmetric mooring as-
sembly. To investigate the complete nonlinear wave-structure
coupling effect a system with an integrable (Hamiltonian)
restoring force is chosen. The exciting force includes total
(local plus convective) wave kihematics and the exact quad-
ratic viscous drag component is retained.

System Model

The mooring system considered is modeled as a single de-
gree-of-freedom, hydrodynamically damped and excited non-
linear oscillator (surge). The equation of motion is derived
based on small-body motion under wave and weak current
excitation'® (see Fig. 1).

The restoring force R may contain a strong geometric non-
linearity depending on the magnitude of the mooring angle.
The degree of nonlinearity can vary from a highly nonlinear
two-point mooring system (b = 0) to an almost linear four-
point mooring system (b >> d).

The exciting force consists of a drag component Fj, and an
inertial component F, with frequency-independent coeffi-
cients. Itis derived based on small-body theory which assumes
that the presence of the structure does not affect the wave
field, hence waves propagating past the structure remain un-
modified. This approach can be justified for slender body
motion in the vertical plane (surge. heave, pitch) where the
wavelength is large compared to the beam of the structure.™
The current is assumed to be weak, steady, inline with the
waves and has a constant profile in the vertical direction.

The model is then described by the following equation of
motion:

MX + CX + R(X) = Fp(X.X.0) + F(X.X.X0) (la)

d* + b
d*+[X+ sgn(X)b]Z} (10)

R =K{X + sgn(X)b]{l - \/
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Fig. 1 Mooring assembly.

p = (12)pA,CAU — XU - X| (Ic)
oU . oU .
F; = p¥(1 + Cu)|:—a—t— + (U — X)ﬁ] - p¥VC, X (1d)

U= U, + walU, cos(kX — wt) (1le)
and

M, C, K — system mass, damping and stiffness [K =
2EAV(d* + bY), EA, elastic cable force]

C,, C, — hydrodynamic viscous drag and added mass
coefficients

A,, YV — projected drag area and displaced volume

U,, U, — current magnitude and depth (z) parameter
[U, = cosh k(z + h)/sinh(kh)]

a, w, k — wave amplitude, frequency, and number (w?
= gk tanh kh)

p, &, h — water mass density, gravitational

acceleration, and water depth

Note that (-) is differentiation with respect to time and sgn
(X) denotes the sign of X.

The expansion of the restoring force in a least-square sense
yields an odd polynomial. Rearranging and normalizing (x =
kX, 0 = wf) the equation of motion, Eq. (1a), results with
the following first-order autonomous system:

=y, y=—-Rx) -y + Fpxy.0) + Ffx.y.0)
b=w (2a)
where

R(x) = Dax", n=135...,N (2b)
Fp(x,y, 0) = (udle’)(u — y)iu = | (2¢)
Fix.y. 0) = p[l — (Mo)u - y)u (2d)

u(x, 6) = f, + of, cos(x — 6)
u(x, 8) = w’f, sin(x — 6) (2e)

a, = _ K K, = K,(K. kb, kd)
M + p¥C,
C
7T M v,

1 C, A
== I
3T+ C v g tanh kh
v+ C)
M + pVC,
fo = kU,, fi = kalU,

Note that u = 1 (buoyancy), f; < 1 [ka < /7 (limiting wave
steepness), U, = 1 (kh > #/10 deep water)], f, < of,, 6 <1
and y << 1 (structural damping).

The degree of nonlinearity in the restoring force is char-
acterized by the magnitude of the amplitudes «,. The highly
nonlinear two-point mooring system (b = 0) lacks a linear
term (@, = 0), whereas the weakly nonlinear four-point sys-
tem is described with decreasing coefficients and is limited by
a linearized system (o, = 1, «,., = 0).

As the normalized displacement (x = kX) is not large, the
wave kinematics described in Eq. (2e) can be represented by
the following finite trigonometric series expansion:

u(x, ) = f, + of, O [(n%l-— cos 6 + X ; sin 0] (3a)

" 1)!

n—1

wflg[ .cosﬂ—(Tx—_T)!siHO} (3b)

n

u(x, ) =

wheren = 1,3,5, ..., N.

Substitution of the trigonometric series, Eqs. (3), in the
system Eq. (2a), enables isolation of nonlinear terms and
identification of the controlling parameters governing the re-
sponse in the following system representation:

X =y, y = Fi(x, 6) + F.\(y, xy, 0), f=ow (4a)

where

Fi(x, 6) = X [B, + K(0)]x' (4b)

Fx(y, xy, 0) = 2 Ly' + [Z AI(O)X’}y (4¢)

and [ = 0,1,2,3, ..., L. [See Appendix for parameter
detail (L = 3)]. Note that F, (! = 0) contributed a bias (B,)
and external excitation [K,(6)], whereas both F\(I = 1) and
F,(I = 0) include parametric excitation {h(8)x', h(0) : [K(B),
A0)], h(6) = Zcos(jO + &), j =1,2,3,... L -1}
The governing system nonlinearities (L = 3) are quadratic
(x2, xy, ¥*) and cubic (x*). Furthermore, even the linearized
mooring system («, = 1, a,., = 0) that is subjected to small
excitation (cos x — 1, sin x — x) retains the quadratic non-
linearities (y?, xy) and the parametric excitation. Thus, wave-
structure interaction systems are shown to be nonlinear, cou-
pled, parametrically excited systems and are anticipated to
exhibit complex dynamics®-!*-!¢ and chaotic motions.%!17-1¥

Stability Analysis

The global stability of the system is investigated by using
a Lyapunov function approach.' A weak Lyapunov function
[V(x, y)] can be found for the undamped and unforced Ham-
iltonian system [V(x, y) = 1y* + P(x) where P(x) = [ R(x)dx}.
Thus, the origin [(x, y). = (0, 0)] is neutrally stable [V(0, 0)
= 0, dV/dt = 0]. Modification of V(x, y) to account for struc-
tural damping and choosing v sufficiently small (0 < » < )
results in the following Lyapunov function:

Vix, y) = (12)y> + P(x) + vxy + (12)yw*] (5a)
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for which

V(x,y) = —vxRW)] — (v = v)y? (5b)

The strong Lyapunov function, Eq. (5a), describes in the
phase plane (x, y) an asymptotically stable [V(x, y) positive
definite, dV/dr =< 0], hyperbolic fixed point (sink) at the origin.
Excitation by current alone (f, # 0, f; = 0 > F, = 0)
introduces a bias, but does not change the characteristics of
the unforced system. However, with the addition of wave
excitation, the sink becomes a hyperbolic closed orbit (limit
cycle). The limit cycle loses the circularity of the sink but is
anticipated by the invariant manifold theorem to retain its
stable characteristics.® Although this result insures that so-
lutions remain bounded for small excitation (|Fp|, |F| << 1),
investigation of the influence of larger excitation can only be
performed by local analysis.

Local stability is determined by considering the following
perturbed solution:

I

x() = xo(t) + &(b) (6a)
y(&) = yo() + 0 (6b)

where [x,(?), yo(#)] is an approximate solution and [(t), n(¢)]
is a small variation.

The approximate solution can be obtained by a variety of
methods.® Two examples are the method of generalized av-
eraging for the weakly nonlinear system® and the method of
harmonic balance for a system with a larger nonlinearity.?!
The latter method is chosen as it assumes a solution form
which allows for the appearance of even harmonics in a low-
order approximation.

0
Xo = A, + E Aim COS(i m + cbi/m> (7a)

0
.YU =—- 2 lAl/m Sln<l + <I)l/m> (7b)

where A,, A,,,, ®,,, are solution amplitudes and phases, [ is
the order of approximation (i = 1,2,3,...,),and M is
the order of subharmonic (m = 1,2, 3, ..., M).

The unknown amplitudes and phases are obtained by trans-
ferring the original nonlinear system, Eq. (2a), into a finite
nonlinear set of algebraic equations [G(A,, A,,., ;) J =
1, 2, ..., 2 + 1]. Solution of the set with an iterative
Newton-Raphson procedure results in a frequency-response
relationship (w — A,,) (see Fig. 2). An unsymmetric solution

N
o
<]
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0.80 4 *%kkk* numerical simulation
] — — stability curves
3 a=1.0 an42=0.0
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Fig. 2 Stability diagram.

includes even and odd harmonics [x,(¢), yo(t) # xo(t + mT/
2), yo(t + mT/2); T = 2m/w], whereas a symmetric solution
consists of only odd harmonics.

Substituting the solution, Eq. (6), in the equations of mo-
tion, Eq. (2a), and simplifying leads to the following nonlinear
variational equations:

é=n, 7=D(,n; X0, y0) + Gle; 15 X0, Yo) (8a)
where
D(e,m) = —vn
+ (uéle?)[(u = y)lu = y| = (o = yo)luo — yoll (8b)
G(e,m) = — E a,(x" — x3)
+ (i — th) — (Ve)[(u = y)it = (ug = yo)tol} (8¢)
and
u=f, + of cos(x, + & — 9), Uy = u(e = 0)

u= <l - —Z;)wzfl sin(x, + ¢ — 6), u, = ule,m = 0)

Linearizing Egs. (8b) and (8c) yields the following second-
order linear ordinary differential equation with periodic coef-
ficient functions H,,[x,(?), yo()] = Halx,(t + T), yo(t +
7):

&=, 7 = H\(xo, yo)n + Hy(xo, yo)e (%)
where
H = -y - 2(u6/w2)|u0 - YO| + (o) (U — yo)tta  (9b)
H, = -2 na,xg =t — 2Audld)uy — yolt
+ w{(ue — fllo — (4o — yo)l + (Vw?)ug} (%)

Substituting the approximate solution, Eq. (7), in Eqs (9b)
and (9¢) and expanding H, ,(x,, y,) in a Fourier series H, ,(6)
leads to the following generalized Hill’s variational equation:

&=, n = H\(6)n + Hy(0)e (10a)

where H, , are calculated from the following:

.0 . (.0
H, ={ + ; $ciim COS(] ;) + Lsim 51“(1 ;) (10b)

N’ . {.0
H, =, + 2 AGjim cos<] E) + Agim sm(; ;) (10c)

and @, = ({c;, Ag), b, = (I, As) are Fourier coefficients
calculated from H, and H,, respectively:

1 (" [°] 7}
a,, = - J: H(;) cos(j ;) dé
1 ({7 6

b = pu H(m) sm( ) de
. m

The particular solution to Eq. (10a) is £ = exp (&)Z(¢).
Apphcatlon of Floquet theory>* yields two solution forms [ Z(¢)
= Z(t + mT), Z(t) = Z(t + 2mT)]} which are due to the
odd and even terms, respectively, in Eq. (7). Thus, two un-
stable regions are defined. The first unstable reglon [Z(t) =
Z(t + mT)] is identified by the even terms (m = 1:j = 2,
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4,6, . ..)in Eq. (10a) and coincides with the vertical tangent
points of a primary resonance on the frequency-response curve.
The second unstable region [Z(¢t) = Z(t = 2mT) is identified
by the odd terms (m = 1:j = 1, 3,5, ...) and reveals a
secondary resonance which consists of a period-doubled so-
lution.

The boundaries of the unstable regions can be obtained by
applying the method of harmonic balance to the Hill’s equa-
tion, Eq. (10a), for £(f) at the stability limit (¢ = 0). This is
obtained by substituting the following solution form, Eq. (11),
into Eq. (10a) and matching harmonic terms.

0 .0
8(%) = b, + }7: by cos<] - + ¢j/m>

Z(t + mT) (11a)
(4 .8
5(%) = 2]: b2 COS(] ;n' + d’jlzm)
Z(t + 2mT) (11b)
3.00
2.00
1.00
O
=
0.00
-1.00
> N
—2.00
-3.00
-4.00
-4.00 ~-3.00 -2.00 -1.00 0.00 1.00 2.00 3.00
X , Xp

a) Nondimensional phase plane and Poincaré map

The condition for a nonzero solution results in a determinant
[A(w*) = 0] from which two hyperbolic stability curves de-
fining the unstable region [A(w?) < 0 for » > 0] are obtained
(see Fig. 2).

-~ (T e
1 () : ® ;
- Z[(f\zc - -r; §2s> + <)\zs + _rr—l {2c) ] =0 (12)

Intersection of approximate (j = 1) stability curves with the
frequency-response curve defines in parameter space the do-
main of stability loss of the T periodic solution.

Bifurcations and Routes to Chaos

The variational equation, Eq. (10a), reveals regions where
the mT periodic solution loses its stability. The transition to
and from these steady states is defined by saddle-node (tan-
gent) and period doubling (flip) bifurcations. These bifurca-
tions are local and occur at the boundaries of the stability

50.0

0.0

o -50.0

p—

—-100.0 i 4R

-150.0

-200.0

-250.0

0.00 2.00 4.00 6.00 8.00 10.00

b) Power spectra

Fig. 6 Subharmonic (m = 8) solution [w = 1.68].
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regions defined by Eq. (12). Numerical integration of the
system (u = 1,8 = 0.1, f; = 0.1, y = 0.01) with a linearized
restoring force (@ = 1, a,.; = 0) and a negligible bias (f, =
0) reveals the existence of mT subharmonics (see Fig. 4,
m = 2 and Fig. 10, m = 3) at the approximate stability limits
(see Fig. 2). The results are portrayed with phase plane dia-
grams (x, y), Poincaré maps [Xp, Yp] where the mT subhar-
monic is depicted by m points and the power spectra [S ()],
where the order of the subharmonic is that of the peak with
the largest energy content. Note that the magnitude (x, y) of
both subharmonic responses is greater than that of the primary
resonance.

Analysis of the 2T subharmonic variational equation [Egs.
(10a-10c), m = 2, j = 1,3] reveals further period doubling
to 47. The approximate stability limit of the 47 solution can
then be found by solving Eq. (10a) with the period doubled
solution [Eq. (11), m = 2, j = 1,3]. Thus, the general Hill’s
equation suggests a possible cascade of period doubling bi-
furcations. If the period doubling sequence is infinite, the
resulting motion is chaotic.?®> While the mT subharmonic re-
peats after m intervals, the chaotic (strange) attractor does
not, consequently generating a fractal map (see Figs. 7a and
9a). The chaotic attractor is also characterized by a continuous

spectra showing its “random like”” behavior (see Figs. 7b and
9b).

The period doubling route to chaotic motion is continuous
and is observed with the appearance of even harmonics (see
Figs. 3-6). Another route to chaotic motion is observed in
the abrupt change to and from neighboring periodic motions.
This occurs near the local tangent bifurcation value and is
characterized by contraction of the mT subharmonic (see Figs.
8a and 10a, m = 3). These routes can be described with
evolution of unsymmetric (via a period doubling bifurcation)
and symmetric (via a tangent bifurcation) solutions as is ev-
ident by the spectral content of the prechaotic and postchaotic
motions (see Figs. 5Sb—7b and Figs. 8b—10b).

The symmetric and unsymmetric solutions are usually as-
sociated with symmetric and unsymmetric system nonlinearities’
which are found in both drag and inertial components of the
exciting force. However, combined parametric and external
excitation exhibit chaotic subharmonic dynamics due to tan-
gent bifurcations in a system with a quadratic nonlinearity®
and generate period doubling bifurcations in a system with a
symmetric nonlinearity.'® Investigation of parameters influ-
encing the instabilities of the system show that the period
doubling route to chaos is sensitive to the magnitude of the
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inertial force whereas the tangent route is controlled by the
relationship between the restoring force and both drag and
inertial components of the exciting force. The system with a
linear restoring force is dominated by the inertial force (w?f,
> &) which controls both tangent and period doubling routes
to chaotic motion.

Summary and Conclusions

Stability analysis of a wave-structure interaction system has
revealed the existence of local and global bifurcations iden-
tifying routes to chaotic motions. The system analyzed is char-
acterized by a nonlinear restoring force and a coupled wave-
structure exciting force consisting of quadratic drag and con-
vective inertial components. The system which incorporates
the exact form of the wave-structure nonlinearity is shown to
exhibit properties of a complex nonlinear system subject to
combined parametric and external forcing.

A semianalytic method describing local and global bifur-
cations has been derived and verified numerically. The method
incorporates stability analysis of system response leading to
stability curves of primary and secondary resonances in pa-
rameter space. Stability of approximate solutions is governed
by a general Hill’s equation which reveals existence of period
doubling and tangent instabilities.

Local and global bifurcations were found by further analysis
of the stability equations and reveal the possible existence of

complex subharmonic and chaotic motions. Two routes to
chaotic motion were identified evolving from the subharmonic
period doubling and tangent bifurcations. The first is a con-
tinuous route via a period doubling cascade whereas the sec-
ond is abrupt. Although these routes are typically associated
with unsymmetric and symmetric system characteristics, the
controlling mechanism found for a system with a linearized
restoring force is the parametrically excited inertial force.

Large mooring system response with a linearized restoring
force is characteristic of secondary resonant motions of single-
point and weakly nonlinear multipoint (small angle) mooring
ocean systems. The analysis reveals that although solutions
remain bounded, enhanced large amplitude, subharmonic and
unpredictable chaotic motions dominate system response even
for moderate sea states. Consequently, control of transitions
between coexisting states and sensitivity to initial conditions
require exact identification of mechanisms governing system
instabilities and routes to chaotic motion. The significance of
this result is that nonlinear analysis of ocean mooring or sim-
ilar mechanical systems neglecting the convective inertial force
will not predict true system behavior and careful consideration
should be given to model formulation prior to analysis and
design stages.

Thus, analysis of a hydrodynamically excited nonlinear ocean
system by a semianalytical method uncovers complex nonlin-
ear system dynamics and the onset of chaotic motion allowing
the identification of system instabilities and their generating
mechanisms. Existence of chaotic dynamics, or sensitivity to
initial conditions, reveals a loss of predictability in system
behavior which cannot be obtained in systems described by
an equivalently linearized exciting force. Therefore, in order
to predict and control complex nonlinear and chaotic dynam-
ics, an exact form of system nonlinearities is required for a
comprehensive stability analysis of wave-structure interaction
systems.

Appendix

Coefficients of the nonlinear function F\(x, §) and F,(x, y,
6) of Egs. (4b) and (4c):

Fi(x, 6) = 2 [B, + K/(O)]x' (Ala)
!
where
o
B, = ud sgn(u — ﬁ[(i) + Eﬁ]
B2[+l = T4, Bz[ =0 (A].b)
fo) . 1, .
K, = ,ufl{wz[—-< — —> sin § + = f, sin 20:|
1) 2
fo 1
+ sgn(u ~ y)6[2 = cos 6 — = f, cos 29]}
w 2
_ > fo
K, =pufjow T cos 8 + f, cos 26
+ sgn(u — y)6[2%sin 0 — f, cos 20]}
1 . .
K, = ;Lfl{w[i(l - %) sin 8 — f, sin 20:]
+ sgn(u —- y)8| — % cos 8 + f, cos 20]}
, 1 2
K, = vafl{w“[— g(l - %) cos 6 — gf, cos 20]
[ 1fig o 2.
+ sgn(u — y)6_ 350 0 3f1 sin 20]} (Alc)
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and
Xy, xy, 6) = Z Ty + [AO)x]y (A2a)
where
T, =0, I o= ~[y + 2(fyw,)]
T, = (le?), I, =0 (A2b)

Ay = pfi[—wsin 6 — 2 sgn(u — y)(8/w) cos 6]
A, = pfiwcos 6 — 2 sgn(u — y)(8/w) sin 6]
A, = (I2)uf\[w sin 6 + 2 sgn(u — y)(8/w) cos 6}

A; = (U6)uf)[ —wcos 0 + 2sgn(u — y)(8/w)sin 8]  (A2c)

Acknowledgment

The author gratefully acknowledges the advice of S. C. S.
Yim, R. T. Hudspeth, and R. B. Guenther of Oregon State
University and the financial support from the Office of Naval
Research (Grant N00014-88-K-0729). The editorial and re-
view comments are also greatly appreciated.

References

"Thompson, J. M. T., Bokaian, A. R., and Ghaffari, R., “Sub-
harmonic and Chaotic Motions of Compliant Offshore Structures and
Articulated Mooring Towers,” Journal of Energy Resources, Vol.
106, June, 1984, pp. 191-198.

2Bishop, S. R., and Virgin, L. N., “The Onset of Chaotic Motions
of a Moored Semi-Submersible,” Journal of Offshore Mechanics and
Arctic Engineering, Vol. 110, Aug., 1988, pp. 205-209.

*Papoulias, F. A., and Bernitsas, M. M., “Autonomous Oscilla-
tions, Bifurcations and Chaotic Response of Moored Vessels,” Jour-
nal of Ship Research, Vol. 32, No. 3, 1988, pp. 220-228.

“Liaw, C. Y., “Chaotic and Periodic Responses of a Coupled Wave-
Force and Structure System,”” Computers and Structures, Vol. 30, No.
4, 1988, pp. 985-993.

*Nayfeh, A. H., and Mook, D. T., Nonlinear Oscillations, Wiley,
New York, 1979, Chaps. 4, 5.

¢Guckenheimer, J., and Holmes, P., Nonlinear Oscillations, Dy-

namical Systems and Bifurcation of Vector Fields, Springer-Verlag,
New York, 1986, Chaps. 4-7.

’Szemplinska-Stupnicka, W., “*Secondary Resonance and Approx-
imate Models of Routes to Chaotic Motions in Nonlinear Oscillators.”
Journal of Sound and Vibration, Vol. 113, No. 1, 1987, pp. 155-172.

¥Holmes, P. J., ““Averaging and Chaotic Motions in Forced Os-
cillations,” Journal of Applied Mathematics, Vol. 38, No. 1, 1980,
pp- 65-80.

'Witz, J. A., Ablett, C. B., and Harrison, J. H., ‘‘Nonlinear Re-
sponse of Semi-Submersibles with Nonlinear Restoring Moment
Characteristics,” Applied Ocean Research, Vol. 11, July, 1989, pp.
153-166.

1“Nayfeh, A. H., and Khdeir, A. A., “Nonlinear Rolling of Ships
in Regular Beam Seas,” International Shipbuilding Progress, Vol. 33,
March, 1986, pp. 40-49.

HIsaacson, M. de St. Q., “Nonlinear Inertia Forces on Bodies,”
Journal of the Waterway Port Coastal and Ocean Division, Vol. 103,
No. 2, 1979, pp. 213-227.

2Moon, F. C., Chaotic Vibrations, Wiley, New York, 1987, Chap. 3.

13Sarpkaya, T., and Isaacson, M. de St. Q., Mechanics of Wave
Forces on Offshore Structures, Van Nostrand Reinhold, New York,
1983, Chap. 5.

““Newman, J. N., Marine Hydrodynamics, MIT Press, Cambridge,
MA, 1977, Chap. 7.

Troger, H., and Hsu, C. S., “Response of a Nonlinear System
Under Combined Parametric and Forcing Excitation,” Journal of
Applied Mechanics, Vol. 44, March, 1977, pp. 179-181.

'*Schmidt, G., and Tondl, A., Nonlinear Vibrations, Cambridge
Univ. Press, 1986, Chap. 5.

"HaQuang, N., Mook, D. T., and Palut, R. H., “A Nonlinear
Analysis of the Interactions Between Parametric and External Ex-
citations,” Journal of Sound and Vibration, Vol. 118, No. 3, 1987,
pp- 425-439.

'®Yagasaki, K., Sakata, M., and Kimura, K., “Dynamics of a Weakly
Nonlinear System Subjected to Combined Parametric and External
Excitation,” Journal of Applied Mechanics, Vol. 57, March, 1990,
pp. 209-217.

"“Hagedorn, P., Nonlinear Oscillations, Oxford Univ. Press, Ox-

~ ford, England, UK, 1978, Chap. 2.

2Sanders, J. A., and Verhulst, F., Averaging Methods in Nonlinear
Dynamics, Springer-Verlag, New York, 1985, Chap. 3.

2'Hayashi, C., Nonlinear Oscillations in Physical Systems, Mc-
Graw-Hill, New York, 1964, Chap. 12.

2Joos, G., and Joseph, D. D., Elementary Stability and Bifurcation
Theory, Springer-Verlag, New York, 1981.

ZThompson, J. M. T., and Stewart, H. B., Nonlinear Dynamics
and Chaos, Wiley, Chichester, England, UK, 1986, Chap. 7.



